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We draw a figure from where it is possible to measure the number of e-folds of expansion of the
universe with a ruler.
I. INTRODUCTION
The idea of the inflationary universe was proposed
some 40 years ago [1], (for reviews see e.g., [2], [3], [4]).
Throughout these years, a number of articles have been
published investigating different aspects of inflation as
well as the next stage of the evolution of the universe,
called reheating, where several ways of implementing con-
straints have been presented [5]-[17], (for reviews on re-
heating see e.g., [18], [19], [20]). One of the important
parameters in the study of the evolution of the universe
is the number of e-folds Nij ≡ ln ajai which measures its
expansion from the scale factor ai to aj during various
epochs of interest1 . Sometimes Nij is even used in place
of the inflaton field to describe observables such as the
spectral index ns and the tensor-to-scalar ratio r. How-
ever, it is important to notice that to date there is no
clear and direct way of obtaining bounds for Nij that are
independent of a model of inflation.
In this article we present a simple geometrical approach
which allows the determination of Nij directly by mea-
suring lengths of segments in Fig. 1. The strategy is
based in two simple observations: that it is possible to
obtain an upper bound to the total number of e-folds
of expansion of the universe (see Eq. (3) below) from ak
during inflation to the pivot scale k = kp =
0.05
Mpc or to the
present scale k = k0 and that the Hubble line specifying
the radiation era with ω = 1/3 and slope m = −1 is fixed
by determining the pivot scale factor ap at k = kp. The
calibration for further measurements is simply obtained
by dividing the total number of e-folds of expansion given
by Eq. (3) over the length of the corresponding segment;
this gives the number of e-folds per unit length.
The outline of the paper is as follows: in Section II we
discuss the diagram shown in Fig. 1 and explain how can
we possibly measure Nij directly from the figure, Section
III contains our measurements for the −1/3 < ω < 1 and
0 < ω < 1/3 cases which are displayed in two pairs of
columns in the Table I. Finally, Section V contains the
main conclusions of the results presented in this article
as well as a further discussion of possible extensions and
applications of our approach.
∗ e-mail: gabriel@icf.unam.mx
1 In Section IV we collect the definitions for the various Nij used
throughout the article.
FIG. 1. Evolution of the logarithm of the comoving Hubble
scale ln(aH) as a function of ln(a). The comoving scale k =
aH exits the horizon during inflation (line of slope m = +1)
and reenters at the pivot scale kp = apHp (line of slope m =
−1) during radiation domination. We know that the scale
reenters at kp during the radiation dominated era because
at the scale kp the scale factor is ap < aeq, where aeq is
the scale factor at matter-radiation equality. Lines for the
ω = −1/3, ω = 0, ω = 1/3 and ω = 1 cases are also drawn.
By measuring their projection on the ln(a) axis with a ruler
we can determine bounds for the number of e-folds as shown
in Table I. The reader can easily draw her/his own figure by
remembering that the two big triangles tfd t and cfd c have
the same dimensions thus, tf=fd=fc.
II. THE DIAGRAM
Let us briefly explain the general strategy for obtain-
ing bounds to the number of e-folds. Fig. 1 shows the
evolution of the logarithm of the Hubble comoving scale
ln (aH) as a function of the logarithm of the scale factor
ln (a). The comoving scale kp = apHp exits the horizon
during inflation (line of slope m = +1) and reenters at
the pivot scale kp =
0.05
Mpc (line of slope m = −1) during
radiation domination. We know that the scale reenters
at kp during the radiation era because at kp the corre-
sponding scale factor is ap < aeq, where aeq is the scale
factor at matter-radiation equality. We now discuss some
miscellaneous topics which will appear in our measure-
ments in the next section. The slope of the Hubble lines
can be easily found with
m = −1 + 3ω
2
. (1)
ar
X
iv
:2
00
5.
02
27
8v
1 
 [a
str
o-
ph
.C
O]
  5
 M
ay
 20
20
2The number of e-folds during the radiation dominated era
is given by Nrd = ln
(
Tr
( 411 )
1/3T0
)
− ln( a0aeq ) where Tr is the
temperature of the universe at the beginning of radiation,
T0 = 2.725K and aeq = 2.97 × 10−4. Also, the number
of e-folds during the radiation dominated era from the
beginning of radiation at ar to the pivot scale factor ap
is given by Nrp ≡ ln(apar ) = ln
(
Tr
( 411 )
1/3T0
)
− ln( a0ap ). We
see that both numbers depend on the temperature Tr
however their difference Npeq ≡ ln(aeqap ) = Nrd − Nrp
does not. We find that Npeq = 2.1 e-folds (the very
small triangle below kp in the r.h.s of the diagram). The
important point is that ap < aeq and the scale kp is
inside the radiation dominated era. Thus, its evolution
is represented in the diagram by the segment ac with
ω = 1/3 and slope m = −1.
The minimum possible temperature Tr is bounded
by nucleosynthesis requirements. For definitiveness we
choose Tr = 10MeV and this gives, for the segment bc,
Nrp = 14.6 e-folds. There are still 2.1 e-folds from ap to
the end of radiation at aeq and a further 8.1 e-folds of
matter domination. Thus, there are Np0 ≡ ln( a0ap ) = 10.2
e-folds from ap to the present. If we had chosen a differ-
ent value for Tr, let us say Tr = 1MeV then Nrp would
not be 14.6 but 12.3 this would change the size of the
triangle abc and thus, the bounds for the number of e-
folds during reheating and during radiation quoted below
but not significantly. However Npeq, Nmd and Np0 would
remain the same.
Thus, the strategy is very simple: first we fix the scale
i.e., we determine how many e-folds there are per unit
length. To do this we make use of a formula recently
proposed by the author [21]
Nke +Nep = ln[
apHk
kp
] , (2)
where Nke ≡ ln( aeak ) is the number of e-folds from ak to
the end of inflation at ae and Nep ≡ ln(apae ) is the number
of e-folds from the end of inflation to the pivot scale at
ap. The Hubble function Hk =
√
8pi2kAs where k is the
slow-roll parameter  ≡ 12
(
Vφ
V
)2
at k, can be written as
H = pi
√
rAs/2. Thus, for the bound r < 0.063, [22], [23]
at kp =
0.05
Mpc = 1.3105 × 10−58 and ap = 3.6512 × 10−5
(see [21]) Eq. (2) gives
Nke +Nep = ln[
appi
√
As√
2 kp
] +
1
2
ln r < 112.5 , (3)
where As = 2.1 × 10−9 is the scalar power spectrum
amplitude. Thus, by dividing 112.5 over the length of the
horizontal line k = kp (segment tc) we obtain a bound to
the number for e-folds per unit length2 and from there we
2 In the original figure drawn by the author the length of the kp
line was 56.8 cm from where we fixed the scale to 1.98 e-folds
per centimeter.
can determine bounds for the number of e-folds for any
equation of state ω. In the following section we illustrate
this procedure when ω = −1/3, ω = 0, ω = 1/3 and
ω = 1. From there we obtain bounds for Nke, Nep, Nre
and Nrd when −1/3 < ω < 1 and also when 0 < ω < 1/3.
Before proceeding with our measurements, just a small
comment in relation with the size of the universe at the
beginning of observable inflation. From the discussion
above we see that there is an upper bound for the total
number of e-folds for the observable universe given by
measuring the bottom k0 line or by adding the extra e-
folds to the kp line: 112.5+6.4+10.2=129.1 e-folds where
6.4 comes from the expansion between ak0 to akp during
inflation and 10.2 are the e-folds from ap to a0 (depicted
by the triangles with vertices at k0 in Fig. 1). From
here we find that the scale factor at the beginning of the
inflation giving rise to our observable universe is ak0 =
e−129.1a0 = 8.6 × 10−57. For our present universe of
diameter 8.8 × 1026m we find that the size of the early
universe at the beginning of observable inflation at ak0
was at least 7.5 × 10−30m in diameter, that is, at least
4.7× 105 times larger than the Planck length.
Finally we would like to remark that all results pre-
sented in this article are model independent, in the sense
that no model of inflation has been used to obtain them.
III. BOUNDS FOR THE NUMBER OF E-FOLDS
A. The case −1/3 < ω < 1
First we will determine bounds when ω = −1/3 (line
of slope m = 0 in Fig. 1). This line (segment ra), when
composed with the smallest number of e-folds from radia-
tion (segment bc), gives the most post inflationary e-folds.
This means a lower bound for the number of e-folds dur-
ing inflation Nke, from ak at k = kp to the end of inflation
at ae,r (segment ts). The task is then very simple: we
take our ruler and measure e.g., in centimeters the length
of the segment ts, multiply it by 1.98 and the resulting
number is the minimum number of e-folds during infla-
tion 14.6 < Nke (see first column of Table I). To obtain
an upper bound for Nke we look at the line with ω = 1
and slope m = −2 (segment ah) which when composed
with the smallest number of e-folds from radiation (seg-
ment bc), gives the least post inflationary e-folds. This
means an upper bound for the number of e-folds during
inflation Nke, from ak at k = kp to the end of inflation
at ae,h (segment tg). The resulting bounds for Nke at
k = kp are 14.6 < Nke < 70.1 as shown in the first col-
umn of Table I. In the table also appear bounds for the
number of post inflationary e-folds Nep and bounds for
the reheating era Ner all of them measured at the scale
kp. To obtain the corresponding bounds for the present
scale k0 we simply measure along the largest horizontal
line at k0 with the results presented in the second col-
umn of Table I. In particular we find that the number of
3TABLE I. In Section IV we give the definitions for the various Nij shown in the table. We display in the first row bounds
for the total number of e-folds from inflation plus post inflation evolution for the pivot scale k = kp =
0.05
Mpc
as well as for the
present scale k = k0 = a0H0. These bounds come from Eq. (3) where a bound r < 0.063 to the tensor-to-scalar ratio has been
imposed. Columns first and second display bounds for the cases −1/3 < ω < 1, both for k = kp and k = k0. Columns third
and fourth show bounds for 0 < ω < 1/3, for the k = kp and k = k0 cases.
−1/3 < ω < 1, k = kp −1/3 < ω < 1, k = k0 0 < ω < 1/3, k = kp 0 < ω < 1/3, k = k0
Nke + Nep < 112.5 Nke + Ne0 < 129.1 Nke + Nep < 112.5 Nke + Ne0 < 129.1
14.6 < Nke < 70.1 21 < Nke < 76.5 42.4 < Nke < 56.2 48.8 < Nke < 62.6
97.9 > Nep > 42.4 108.1 > Ne0 > 52.6 70.1 > Nep > 56.2 80.3 > Ne0 > 66.5
83.3 > Ner > 28 83.3 > Ner > 28 55.5 > Ner ≥ 0 55.5 > Ner ≥ 0
14.6 < Nrp < 56.2 24.8 < Nr0 < 66.4 14.6 < Nrp < 56.2 24.8 < Nr0 < 66.4
e-folds during inflation is bounded as 21 < Nke < 76.5
at k0, in excellent agreement with old estimates [24], [25]
ranging from 18 to 77 e-folds. Since this is really an arti-
cle on experimental physics uncertainties should be given
in milimmeters converted into e-folds that is, all the num-
bers quoted in Table I are ±0.2 but it is not written there
for clarity of the presentation.
B. The case 0 < ω < 1/3
Proceeding in a similar way to the previous case we
now determine bounds when 0 < ω < 1/3. First we pay
attention to the line with ω = 0 and slope m = −1/2
(segment ae) in Fig. 1. The minimum number of e-folds
during inflation at k = kp is given by the length of the
segment ti, in this case 42.4 < Nke with 70.1 > Nep
and 55.5 > Ner. The upper bound for Nke occurs for the
very symmetrical case ω = 1/3 where we have that Nke =
Nep = 56.2. Results for 0 < ω < 1/3 at k = kp are given
in the third column of Table I with those corresponding
to the present scale k0 in the fourth column.
Note that for a given ω < 1/3 the maximum Nke oc-
curs when we displace the segment e.g., ea in the ω = 0
case parallel to itself along the radiation line i.e., we slide
the vertex at a towards d with b of the segment cb ap-
proaching f . In the limit a reaching d we get 0 e-folds for
reheating and a maximum number of e-folds for the ra-
diation era (instantaneous reheating and maximum tem-
perature). Thus the maximum number of e-folds for Nke
from ak to ae,d (segment tf) is 56.2 at k = kp for any
ω < 1/3.
IV. DEFINING THE NUMBER OF E-FOLDS Nij
Below and for easy reference we define the notation
for the various number of e-folds Nij discussed in the
article, where Nij ≡ ln ajai measures the expansion of the
universe from the scale factor ai to aj .
Nke + Nep = ln
(
ap
ak
)
, from ak during inflation to the
pivot scale kp.
Nke + Ne0 = ln
(
a0
ak
)
, from ak during inflation to the
present scale k0.
Nke ≡ ln
(
ae
ak
)
, from ak during inflation to the end of
inflation at ae.
Nep ≡ ln
(
ap
ae
)
from the end of inflation to the pivot
scale kp.
Ne0 ≡ ln
(
a0
ae
)
from the end of inflation to the present
scale k0.
Ner ≡ ln
(
ar
ae
)
, from the end of inflation to the beginning
of radiation.
Nrp ≡ ln
(
ap
ar
)
, from the beginning of radiation to the
pivot scale kp.
Nr0 ≡ ln
(
a0
ar
)
, from the beginning of radiation to the
present scale k0.
V. CONCLUSIONS AND DISCUSSION
We have suggested a simple geometrical approach to
the problem of determining bounds for the number of
e-folds Nij for the various epochs of evolution of the uni-
verse. The main ingredients are the (model independent)
bound given by Eq. (3) and the realisation the the radi-
ation line (ω = 1/3, slope m = −1) is fixed by the pivot
scale factor ap lying in the radiation era, (see Fig. 1).
The scale to determine Nij is simply obtained by divid-
ing the upper bound Nke +Nep = 112.5 given by Eq. (3)
over the length of the corresponding segment at k = kp.
This gives the number of e-folds per unit length. With
this calibration we determine Nij by measuring with a
ruler the length of the segment in question, (see Table I).
Work in progress indicate that this strategy is particu-
larly useful when studying specific models of inflation.
4Finally we would like to mention that this approach can
be improved in several ways. It is clear that the de Sit-
ter assumption (that inflation is perfectly exponential or,
equivalently, that the Hubble function is constant during
inflation) is in general not satisfied by models of infla-
tion although we expect that realistic corrections do not
significantly alter our results. More importantly is the
imposition of extra constraints (for a recent example see
[26]) not present in our approach. In any case we believe
the strategy presented here is useful and very simple, can
be extended in several interesting directions and can be
applied to any model of inflation.
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